Introduction {#Sec1}
============

In this work we study in close detail the equivalence between two pollution-free techniques for numerical computation of eigenvalue bounds for general self-adjoint operators: a method considered a few years ago by Zimmermann and Mertins \[[@CR35]\], and a method developed more recently by Davies and Plum \[[@CR23]\]. These two methods are pollution-free by construction and have been proven to provide reliable numerical approximations.

The approach of Zimmermann and Mertins is built on an extension of the Lehmann--Maehly--Goerisch method \[[@CR4], [@CR26], [@CR33]\] and it has proven to be highly successful in various concrete applications. These include the computation of bounds for eigenvalues of the radially reduced magnetohydrodynamics operator \[[@CR15], [@CR35]\], the study of complementary eigenvalue bounds for the Helmholtz equation \[[@CR6]\] and the calculation of sloshing frequencies \[[@CR4], [@CR5]\].

The method of Davies and Plum on the other hand, is based on a notion of approximated spectral distance and is highly geometrical in character. Its original formulation dates back to \[[@CR21]--[@CR23]\] but it is yet to be tested properly on models of dimension larger than one.

In this work we follow the analysis conducted in \[[@CR23], Section 6\] where the equivalence of both these techniques was formulated in a precise manner. Our main goal is two-fold. On the one hand we examine more closely the nature of this equivalence by considering multiple eigenvalues. On the other hand we determine sharp estimates for both methods. These results include convergence and error estimates for both the eigenvalues and associated eigenfunctions. We finally illustrate the applicability of the method of Zimmermann and Mertins using the Maxwell eigenvalue problem as benchmark.

Context, scope and contribution of the present work {#Sec2}
---------------------------------------------------

The computational approach considered in this work has a "local" character, in the sense that a shift parameter should be set before hand. The methods derived from this approach only provide information about the spectrum in a vicinity of this parameter, in similar fashion as the Galerkin method gives information only about the eigenvalues below the bottom of the essential spectrum. They give upper bounds for the eigenvalues to the right of the parameter and lower bounds for the eigenvalues to the left of it.

The method of Davies and Plum primarily relies on the geometrical properties of a notion of approximated spectral distance. We introduce this notion in Sect. [3](#Sec5){ref-type="sec"}. Our Proposition [2](#FPar5){ref-type="sec"} was first formulated in \[[@CR21], theorems 3 and 4\]. These statements played a fundamental role in the proof of \[[@CR23], Theorem 11\] which provided crucial connections with the method of Zimmermann and Mertins. In Proposition [5](#FPar11){ref-type="sec"} and Corollary [6](#FPar13){ref-type="sec"} we establish an extension of \[[@CR21], theorems 3 and 4\] allowing multiple eigenvalues. These rely on convexity results due to Danskin (see Lemma [4](#FPar10){ref-type="sec"} and \[[@CR8], Theorem D1\]) and they are of fundamental importance in various parts of our analysis.

Our Lemma [9](#FPar20){ref-type="sec"} follows the original \[[@CR23], Theorem 11\] and its proof involves very similar arguments. In conjunction with Corollary [6](#FPar13){ref-type="sec"}, it leads to an alternative proof of \[[@CR35], Theorem 1.1\] which includes multiplicity counting. The latter is the central statement of what we call the method of Zimmermann and Mertins. This alternative derivation of the method is formulated in our main Theorem [10](#FPar22){ref-type="sec"} and Corollary [11](#FPar24){ref-type="sec"}.

Theorems [13](#FPar27){ref-type="sec"} and [14](#FPar29){ref-type="sec"}, and Corollary [15](#FPar31){ref-type="sec"}, are precise formulations of convergence in the setting of the method of Davies and Plum. The two theorems differ from one another in that a higher order of approximation occurs when the shift parameter is away from the spectrum. In Theorem [16](#FPar35){ref-type="sec"} we show that, remarkably, the method of Zimmermann and Mertins always renders the higher order of approximation as a consequence of Corollary [15](#FPar31){ref-type="sec"}. This is, for instance, in great agreement with the results presented in \[[@CR34]\], which compare the errors in Lehmann--Goerisch and Rayleigh--Ritz bounds (see also \[[@CR28]\], where convergence of iterative solvers is studied).

In Proposition [7](#FPar15){ref-type="sec"} we establish upper bounds for error estimates for eigenfunctions in terms of spectral gaps. This statement is related to similar results of Weinberger \[[@CR32]\] and Trefftz \[[@CR30]\]. See also \[[@CR33], Chapter 5\]. The precise connection between Proposition [7](#FPar15){ref-type="sec"} and all these results is unclear at present and will be examined elsewhere.

The model of the isotropic resonant cavity that we consider in Sect. [6](#Sec17){ref-type="sec"} has been well-documented to render spectral pollution when the classical Galerkin method and finite elements of nodal type are employed for numerical approximation. We show by means of numerical tests that, remarkably, the method of Zimmermann and Mertins provides robust and accurate approximations of the eigenvalues of the Maxwell operator even when implemented on standard Lagrange elements. By construction, this method is free from spectral pollution. A more systematic investigation in this respect with many more numerical tests (including anisotropic media), a convergent algorithm and a reference to a fully reproducible computer code can be found in \[[@CR3]\].

Preliminary information on the number of eigenvalues in a given interval, which might or might not be available in practice, allows the determination of enclosures from the one-sided bounds produced by the approaches discussed in this work. Convergence also yields enclosures in suitable asymptotic regimes. The algorithm described in \[[@CR3]\] is an example of a concrete realisation of this assertion.

Outline of the analysis {#Sec3}
-----------------------

Section [2](#Sec4){ref-type="sec"} includes the notational conventions and assumptions which will be used throughout this work. Section [3](#Sec5){ref-type="sec"} sets the general framework of approximated spectral distances and their geometrical properties. There we also discuss approximation of eigenspaces with explicit estimates. The method of Zimmermann and Mertins is derived in Sect. [4](#Sec10){ref-type="sec"} and its convergence is established in Sect. [5](#Sec13){ref-type="sec"}. These two sections comprise the main contribution of this work. The final Sect. [6](#Sec17){ref-type="sec"} is devoted to illustrating a concrete computational application of the method of Zimmermann and Mertins to the resonant cavity problem.

Preliminary notation, conventions, and assumptions {#Sec4}
==================================================
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Assumption 2 {#FPar2}
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Approximated local counting functions {#Sec5}
=====================================
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Optimal setting for local detection of the spectrum {#Sec6}
---------------------------------------------------

As we show next, it is possible to detect the spectrum of *A* to the left/right of *t* by means of $\documentclass[12pt]{minimal}
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The following statement was first formulated in \[[@CR21], theorems 3 and 4\] and will be sharpened in Corollary [6](#FPar13){ref-type="sec"}.

### Proposition 2 {#FPar5}
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### Remark 1 {#FPar7}
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Proposition [2](#FPar5){ref-type="sec"} is central to the hierarchical method for finding eigenvalue inclusions examined a few years ago in \[[@CR21], [@CR22]\]. For fixed $\documentclass[12pt]{minimal}
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Geometrical properties of the first approximated counting function {#Sec7}
------------------------------------------------------------------
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### Lemma 3 {#FPar8}

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda \in \sigma (A)$$\end{document}$ isolated from the rest of the spectrum, the following statements are equivalent.There exists a minimiser $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in \mathcal {L}$$\end{document}$ of the right side of ([7](#Equ7){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=1$$\end{document}$, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|u|_t=\mathfrak {d}_1(t)$$\end{document}$ for a single $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in (\lambda -\frac{|\lambda -\nu _1^-(\lambda )|}{2}, \lambda +\frac{|\lambda -\nu _1^+(\lambda )|}{2})$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_1(t)=\mathfrak {d}_1(t)$$\end{document}$ for a single $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in (\lambda -\frac{|\lambda -\nu _1^-(\lambda )|}{2}, \lambda +\frac{|\lambda -\nu _1^+(\lambda )|}{2})$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_1(s)=\mathfrak {d}_1(s)$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in [\lambda -\frac{|\lambda -\nu _1^-(\lambda )|}{2},\lambda +\frac{|\lambda -\nu _1^+(\lambda )|}{2}]$$\end{document}$,$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}\cap \mathcal {E}_\lambda (A)\not =\{0\}$$\end{document}$.

### Proof {#FPar9}
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As there can be a mixing of eigenspaces, it is not possible to replace (b) in this lemma by an analogous statement including $\documentclass[12pt]{minimal}
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Geometrical properties of the subsequent approximated counting functions {#Sec8}
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Various extensions of Lemma [3](#FPar8){ref-type="sec"} to the case $\documentclass[12pt]{minimal}
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We start presenting a preliminary result needed for its proof. Let $\documentclass[12pt]{minimal}
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### Lemma 4 {#FPar10}
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Proposition [5](#FPar11){ref-type="sec"} leads to the following version of Proposition [2](#FPar5){ref-type="sec"} for *t* an eigenvalue.

### Corollary 6 {#FPar13}
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Approximated eigenspaces {#Sec9}
------------------------

We conclude this section by showing how to obtain certified information about spectral subspaces.
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The following statement is independent, but it is clearly connected with classical results of Weinberger \[[@CR32]\] and Trefftz \[[@CR30]\]. Note that a shift parameter can be introduced in Weinberger's formulation following \[[@CR4]\].

### Proposition 7 {#FPar15}
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### Proof {#FPar16}

As it is clear from the context, in this proof we suppress the index *t* on top of any vector. We write $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi _\mathcal {S}$$\end{document}$ to denote the orthogonal projection onto the subspace $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}$$\end{document}$ with respect to the inner product $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \cdot ,\cdot \rangle $$\end{document}$.

Let us first consider the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=1$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_1=\mathcal {E}_{\{t- \mathfrak {d}_1(t),t+ \mathfrak {d}_1(t)\}}\!(A)$$\end{document}$ and decompose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1=\Pi _{\mathcal {S}_1}u_1+u_1^\perp $$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_1^\perp \perp \mathcal {S}_1$$\end{document}$. Since *A* is self-adjoint,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_1(t)^2 =\Vert (A-t)u_1\Vert ^2=\mathfrak {d}_1(t)^2\Vert \Pi _{\mathcal {S}_1} u_1\Vert ^2+\Vert (A-t)u_1^\perp \Vert ^2. \end{aligned}$$\end{document}$$Hence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_1(t)^2 \ge \mathfrak {d}_1(t)^2(1-\Vert u_1^\perp \Vert ^2)+\delta _1(t)^{{2}} \Vert u_1^\perp \Vert ^2. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _1(t)> \mathfrak {d}_1(t)$$\end{document}$, clearing from this identity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert u_1^\perp \Vert ^2$$\end{document}$ yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert u_1^\perp \Vert \le \varepsilon _1$$\end{document}$. Hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \Pi _{\mathcal {S}_1}u_1\Vert ^2 \ge 1-\varepsilon _1^2>0$$\end{document}$. Let$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _1=\frac{1}{\Vert \Pi _{\mathcal {S}_1}u_1\Vert } {\Pi _{\mathcal {S}_1}u_1} \end{aligned}$$\end{document}$$so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \Pi _{\mathcal {S}_1}u_1\Vert =|\langle u_1,\phi _1\rangle |$$\end{document}$. Then ([17](#Equ17){ref-type=""}) holds immediately and ([18](#Equ18){ref-type=""}) is achieved by clearing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert (A-t)u_1^\perp \Vert ^2$$\end{document}$ from ([19](#Equ19){ref-type=""}). This is the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=1$$\end{document}$.

Let us now look at the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j>1$$\end{document}$. We define the needed basis, and show ([17](#Equ17){ref-type=""}) and ([18](#Equ18){ref-type=""}), for *j* up to *m* inductively as follows. Set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _j=\frac{1}{\Vert \Pi _{\mathcal {S}_j} u_j\Vert }\Pi _{\mathcal {S}_j} u_j \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_j=\mathcal {E}_{\{t- \mathfrak {d}_j(t),t+ \mathfrak {d}_j(t)\}}\!(A)\ominus {\text {Span}}\{\phi _l\}_1^{j-1}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi _{\mathcal {S}_j}u_j\not =0$$\end{document}$, all this for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1\le j \le k-1$$\end{document}$. Assume that ([17](#Equ17){ref-type=""}) and ([18](#Equ18){ref-type=""}) hold true for *j* up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k-1$$\end{document}$. Define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {S}_k=\mathcal {E}_{\{t- \mathfrak {d}_k(t),t+ \mathfrak {d}_k(t)\}}\!(A)\ominus {\text {Span}}\{\phi _l\}_1^{k-1}$$\end{document}$. We first show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi _{\mathcal {S}_k}u_k\not =0$$\end{document}$, and so we can define$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \phi _k=\frac{1}{\Vert \Pi _{\mathcal {S}_k} u_k\Vert }\Pi _{\mathcal {S}_k} u_k \end{aligned}$$\end{document}$$ensuring $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _k\perp {\text {Span}}\{\phi _l\}_{l=1}^{k-1}$$\end{document}$. After that, we verify the validity of ([17](#Equ17){ref-type=""}) and ([18](#Equ18){ref-type=""}) for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=k$$\end{document}$.

Decompose$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u_k=\Pi _{\mathcal {S}_k}u_k+\sum _{l=k-1}^{1} \langle u_k,\phi _l\rangle \phi _l+u_k^\perp \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_k^\perp $$\end{document}$ is orthogonal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\text {Span}}\{\phi _l\}_{l=1}^{k-1}\oplus \mathcal {S}_k$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_k(t)^2&= \mathfrak {d}_k(t)^2\Vert \Pi _{\mathcal {S}_k}u_k \Vert ^2+\sum _{l=k-1}^{1} \mathfrak {d}_l(t)^2|\langle u_k,\phi _l\rangle |^2 + \Vert (A-t)u_k^\perp \Vert ^2 \\&\ge \mathfrak {d}_k(t)^2 \Vert \Pi _{\mathcal {S}_k}u_k \Vert ^2 +\sum _{l=k-1}^{1} \mathfrak {d}_l(t)^2 |\langle u_k,\phi _l\rangle |^2 +\delta _k(t)^2\Vert u_k^\perp \Vert ^2 \\&=\mathfrak {d}_k(t)^2(1-\Vert u_k^\perp \Vert ^2) + \sum _{l=k-1}^{1} (\mathfrak {d}_l(t)^2-\mathfrak {d}_k(t)^2) |\langle u_k,\phi _l\rangle |^2 +\delta _k(t)^2\Vert u_k^\perp \Vert ^2. \end{aligned}$$\end{document}$$The conclusion ([17](#Equ17){ref-type=""}) up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k-1$$\end{document}$, implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\langle u_l,\phi _l\rangle |^2\ge 1-\varepsilon _l^2$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l=1,\ldots ,k-1$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle u_k,u_l\rangle =0$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$l\not =k$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |\langle u_l,\phi _l\rangle | |\langle u_k,\phi _l\rangle |= |\langle u_k,u_l-\langle u_l,\phi _l\rangle \phi _l\rangle |. \end{aligned}$$\end{document}$$Then, the Cauchy--Schwarz inequality alongside with ([17](#Equ17){ref-type=""}) yield$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |\langle u_k,\phi _l\rangle |^2 \le \frac{\varepsilon _l^2}{1-\varepsilon _l^2}. \end{aligned}$$\end{document}$$Hence, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {d}_l(t)\le \mathfrak {d}_k(t)$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_k(t)^2 \ge \mathfrak {d}_{{k}}(t)^2 + \sum _{l=k-1}^{1} (\mathfrak {d}_l(t)^2-\mathfrak {d}_k(t)^2) \frac{\varepsilon _l^2}{1-\varepsilon _l^2} +(\delta _k(t)^2-\mathfrak {d}_k(t)^2)\Vert u_k^\perp \Vert ^2. \end{aligned}$$\end{document}$$Clearing $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert u_k^\perp \Vert ^2$$\end{document}$ from this inequality and combining with the validity of ([21](#Equ21){ref-type=""}) and ([17](#Equ17){ref-type=""}) up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k-1$$\end{document}$, yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Pi _{\mathcal {S}_k}u_k\not =0$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _k$$\end{document}$ be as in ([20](#Equ20){ref-type=""}). Then ([17](#Equ17){ref-type=""}) is guaranteed for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=k$$\end{document}$. On the other hand, ([17](#Equ17){ref-type=""}) up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=k$$\end{document}$, ([21](#Equ21){ref-type=""}) and the identity$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_k(t)^2 = \mathfrak {d}_k(t)^2|\langle u_k,\phi _k\rangle |^2 + \Vert (A-t) (u_k-\langle u_k,\phi _k\rangle \phi _k)\Vert ^2, \end{aligned}$$\end{document}$$yield ([18](#Equ18){ref-type=""}) up to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$j=k$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

### Remark 2 {#FPar17}
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Local bounds for eigenvalues {#Sec10}
============================

Our next purpose is to characterise the optimal parameters $\documentclass[12pt]{minimal}
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Below we write most statements only for the case of "lower bounds for the eigenvalues of *A* which are to the left of *t*". As the position of *t* relative to the essential spectrum is irrelevant here, evidently this does not restrict generality. The corresponding results regarding "upper bounds for the eigenvalues of *A* which are to the right of *t*" can be recovered by replacing *A* by $\documentclass[12pt]{minimal}
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Lemma 8 {#FPar18}
-------
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Remark 3 {#FPar19}
--------
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By virtue of the next three statements, finding the negative eigenvalues of ([22](#Equ22){ref-type=""}) is equivalent to finding $\documentclass[12pt]{minimal}
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The eigenvalue to the immediate left of *t* {#Sec11}
-------------------------------------------
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### Lemma 9 {#FPar20}
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### Proof {#FPar21}

For all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in \mathcal {L}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in \mathbb R$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q_s(u,u) - F_1(s)^2\langle u,u \rangle = q_t(u,u) + 2(t-s)l_t(u,u) +\left( (t-s)^2-F_1(s)^2\right) \langle u,u \rangle . \end{aligned}$$\end{document}$$Suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_1(s)=t-s$$\end{document}$. Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} q_s(u,u) - F_1(s)^2\langle u,u \rangle = q_t(u,u) +2F_1(s)l_t(u,u). \end{aligned}$$\end{document}$$As the left side of this expression is non-negative,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{l_t(u,u)}{q_t(u,u)}\ge -\frac{1}{2F_1(s)} \end{aligned}$$\end{document}$$for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in \mathcal {L}{\setminus } \{0\}$$\end{document}$ and the equality holds for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in \mathcal {L}$$\end{document}$. Hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\frac{1}{2F_1(s)}$$\end{document}$ is the smallest eigenvalue of ([22](#Equ22){ref-type=""}), and thus necessarily equal to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau _1^-(t)$$\end{document}$. In this case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s-F_1(s)=t-2F_1(s)=t+\frac{1}{\tau _1^-(t)}$$\end{document}$. Here the vector *u* for which equality is achieved is exactly $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u=u^-_1(t)$$\end{document}$.
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Subsequent eigenvalues {#Sec12}
----------------------

An extension of Lemma [9](#FPar20){ref-type="sec"} to the case $\documentclass[12pt]{minimal}
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### Proof {#FPar23}
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A neat procedure for finding spectral bounds for *A*, as described in \[[@CR35]\], can now be deduced from Theorem [10](#FPar22){ref-type="sec"}. By virtue of Proposition [2](#FPar5){ref-type="sec"} and Remark [1](#FPar7){ref-type="sec"}, this procedure is optimal in the context of the approximated counting functions discussed in Sect. [3](#Sec5){ref-type="sec"}, see \[[@CR23], Section 6\]. We summarise the core statement as follows.

### Corollary 11 {#FPar24}
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Convergence and error estimates {#Sec13}
===============================
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Lemma 12 {#FPar25}
--------
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Proof {#FPar26}
-----

Recall Assumption [2](#FPar2){ref-type="sec"}. As it is clear from the context, in this proof we suppress the index *t* on top of any vector. The desired conclusion is achieved by applying the Gram--Schmidt procedure. Let $\documentclass[12pt]{minimal}
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Convergence of the approximated local counting function {#Sec14}
-------------------------------------------------------
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### Theorem 13 {#FPar27}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{w_j^t\}_{j=1}^m\subset \mathcal {L}$$\end{document}$ be a family of vectors which is orthonormal in the inner product $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \cdot ,\cdot \rangle $$\end{document}$ and satisfies (A$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$_\mathrm{1}$$\end{document}$). Then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_j(t)-\mathfrak {d}_j(t) \le \left( \sum _{k=1}^j \varepsilon _k^2 \right) ^{1/2}\quad \forall j=1,\ldots ,m. \end{aligned}$$\end{document}$$

### Proof {#FPar28}

Recall Assumption [2](#FPar2){ref-type="sec"}. From the Rayleigh--Ritz principle we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_j(t)&\le \max _{\sum |c_k|^2=1} \left| \sum _{k=1}^j c_k w_k \right| _t \\&\le \max _{\sum |c_k|^2=1} \left| \sum _{k=1}^j c_k (w_k-\phi _k) \right| _t+ \max _{\sum |c_k|^2=1} \left| \sum _{k=1}^j c_k \phi _k\right| _t \\&= \max _{\sum |c_k|^2=1} \left| \sum _{k=1}^j c_k (w_k-\phi _k)\right| _t+\mathfrak {d}_j(t). \end{aligned}$$\end{document}$$This gives$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_j(t)-\mathfrak {d}_j(t)&\le \max _{\sum |c_k|^2=1} \sum _{k=1}^j |c_k| |w_k-\phi _k|_t \\&\le \max _{\sum |c_k|^2=1} \left( \sum _{k=1}^j |c_k|^2\right) ^{1/2} \left( \sum _{k=1}^j |w_k-\phi _k|_t^2 \right) ^{1/2} \le \left( \sum _{k=1}^j \varepsilon _k^2 \right) ^{1/2} \end{aligned}$$\end{document}$$as needed. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

In terms of order of approximation, Theorem [13](#FPar27){ref-type="sec"} will be superseded by Theorem [14](#FPar29){ref-type="sec"} for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\not \in \sigma (A)$$\end{document}$. However, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in \sigma (A)$$\end{document}$, the trial space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}$$\end{document}$ can be chosen so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_1(t)-\mathfrak {d}_1(t)$$\end{document}$ is only linear in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon _1$$\end{document}$. Indeed, fixing any non-zero $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u\in {\text {D}}(A)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {L}={\text {Span}}\{u\}$$\end{document}$, yields $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_1(t)-\mathfrak {d}_1(t)=F_1(t)=\varepsilon _1$$\end{document}$. Therefore Theorem [13](#FPar27){ref-type="sec"} is optimal, on the presumption that *t* is arbitrary.

The next theorem addresses the claim (b) made at the beginning of this section. Its proof is reminiscent of that of \[[@CR29], Theorem 6.1\].

### Theorem 14 {#FPar29}
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### Proof {#FPar32}
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Convergence of local bounds for eigenvalues {#Sec15}
-------------------------------------------

Our next task in this section is to formulate precise statements on the convergence of the method of Zimmermann and Mertins (Sect. [4](#Sec10){ref-type="sec"}). Theorem [16](#FPar35){ref-type="sec"} below improves upon two crucial aspects of a similar result established in \[[@CR15], Lemma 2\]. It allows $\documentclass[12pt]{minimal}
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### Remark 4 {#FPar33}
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### Remark 5 {#FPar34}

By virtue of Corollary [11](#FPar24){ref-type="sec"} and Corollary [6](#FPar13){ref-type="sec"}, $\documentclass[12pt]{minimal}
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We regard the following as one of the main results of this work.

### Theorem 16 {#FPar35}
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### Proof {#FPar36}
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Convergence to eigenfunctions {#Sec16}
-----------------------------

We conclude this section with a statement on convergence to eigenfunctions.

### Corollary 17 {#FPar37}
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### Proof {#FPar38}
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### Remark 6 {#FPar39}

Once again, we remark that the vectors in the statement of the corollary can be chosen locally constant in *t* with jumps only at the spectrum of *A*.

Implementations to the Maxwell eigenvalue problem {#Sec17}
=================================================

The method of Zimmermann and Mertins can be applied to a large variety of self-adjoint operators. Of particular interest are the operators which are not bounded below or above. A significant class of block operator matrices \[[@CR31]\] which are highly relevant in applications fall into this category and are covered by the present framework. In order to illustrate our findings in this setting, we now apply the method of Zimmermann and Mertins to the Maxwell operator. This operator has been extensively studied in the last few years with a special emphasis on the spectral pollution phenomenon.
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The orthogonal complement of this subspace is the gradient space, which has infinite dimension and lies in the kernel of the eigenvalue equation ([40](#Equ40){ref-type=""}). Here, we use the term "kernel" to refer to the solution of the eigenvalue problem associated to $\documentclass[12pt]{minimal}
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The numerical estimation of the eigenfrequencies of ([40](#Equ40){ref-type=""})-([41](#Equ41){ref-type=""}) is known to be extremely challenging for general regions $\documentclass[12pt]{minimal}
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Various ingenious methods, e.g. \[[@CR7], [@CR11]--[@CR14], [@CR16], [@CR17], [@CR27]\], capable of approximating the eigenvalues of ([40](#Equ40){ref-type=""}) by means of the finite element method have been documented in the past. In all the above-cited works, either a particular choice of finite element spaces, or an appropriate modification of the weak formulation of the problem, has to be performed prior to the computation of the eigenvalues.

The method of Zimmermann and Mertins does not need to introduce any prior change to the problem at hand in order to find eigenvalue bounds for $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {L}$$\end{document}$ made of Lagrange finite elements on unstructured meshes. Convergence and absence of spectral pollution are guaranteed by Corollary [11](#FPar24){ref-type="sec"} and Theorem [16](#FPar35){ref-type="sec"}. Our purpose below is only to illustrate the context of the theory presented in the previous sections. A more comprehensive numerical investigation of this model, including the case of anisotropic media, has been conducted in \[[@CR3]\].
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The only hypothesis required in the analysis carried out in Sect. [5](#Sec13){ref-type="sec"}, ensuring that the $\documentclass[12pt]{minimal}
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                \begin{document}$$[\mathcal {H}({\text {curl}},\Omega )]^2$$\end{document}$-norm. See ([38](#Equ38){ref-type=""}). Therefore, as we have substantial freedom to choose these spaces and they constitute the simplest alternative, we have picked the Lagrange nodal elements.

A direct application of Theorem [16](#FPar35){ref-type="sec"}, Corollary [17](#FPar37){ref-type="sec"}, and classical interpolation estimates e.g. \[[@CR19], Theorem 3.1.6\], leads to convergence of the approximated eigenvalues and eigenspaces. To be precise, in \[[@CR3], Theorem 3.3\] the following results are proven. For all $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{X}^\pm _{jh}$$\end{document}$ the normalised eigenfunction of ([22](#Equ22){ref-type=""}) associated to $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \inf _{\varvec{X}_j\in \mathcal {E}_{\omega _j}(\mathcal {M})} \Vert \varvec{X}^\pm _{j,h}-\varvec{X}_j\Vert _{{\text {curl}},\Omega }&\le C\, h^r. \end{aligned}$$\end{document}$$Therefore we recover optimal order of convergence under regularity of the eigenfunctions.

This regularity assumption on the corresponding vector spaces can be formulated in different ways in order to suit the chosen algorithm. For the one we have employed here, if we wish to obtain a lower/upper bound for the *j*-eigenvalue to the left/right of a fixed *t* (and consequently obtain approximate eigenvectors) all the vectors of the sum of all eigenspaces up to *j* have to be regular. If by some misfortune an intermediate eigenspace does not fullfill this requirement, then the algorithm will converge slowly. To circumvent this difficulty, the computational procedure can be modified in many ways. For instance, it can be allowed to split iteratively the initial interval, once it is clear that some accuracy can not be achieved after a fixed number of steps. See \[[@CR3], Procedure 1\].

Order of convergence on a cube {#Sec18}
------------------------------

The eigenfunctions of ([40](#Equ40){ref-type=""}) are regular in the interior of a convex domain. In this case, the method of Zimmermann and Mertins for the resonant cavity problem achieves an optimal order of convergence in the context of finite elements.
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In the present case, we know exactly the number of eigenvalues, counting multiplicity, in a given interval $\documentclass[12pt]{minimal}
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In Fig. [1](#Fig1){ref-type="fig"} we have depicted the decrease in enclosure width and absolute error,$$\documentclass[12pt]{minimal}
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Benchmark eigenvalue bounds for the Fichera domain {#Sec19}
--------------------------------------------------

In this next experiment we consider the region $\documentclass[12pt]{minimal}
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We conjecture that there are exactly 15 eigenvalues in the interval $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 1,\,2,\,3,\,2,\,1,\,2,\,1,\,3. \end{aligned}$$\end{document}$$The table on the right of Fig. [2](#Fig2){ref-type="fig"} shows a numerical estimation of these eigenvalues. We have considered a mesh refined along the re-entrant edges as shown on the left side of this figure.

The slight numerical discrepancy shown in the table for the seemingly multiple eigenvalues appears to be a consequence of the fact that the meshes employed are not symmetric with respect to permutation of the spacial coordinates. See \[[@CR3], Section 6.2\] for more details.
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